Abstract: This paper studies the dynamic implications of preferences for wealth habit in a one-sector optimal growth model. We show that the dynamics may encounter saddle-node bifurcations with respect to the parameters of the preferences: the relative weight of wealth in utility and the degree of wealth habit. We analytically provide the monotone comparative statics and the continuity of the critical capital stock with respect to the discount factor, the relative weight of wealth in utility and the degree of wealth habit.
Introduction
To account for the development patterns that differ considerably among countries in the long run (see Quah 1996; Barro 1997) , a variety of one-sector optimal growth models that incorporate wealth (capital per capita) in utility (e.g., Kurz 1968; Zou 1994; Roy 2010 ) have been presented. These models are characterized by the existence of a critical capital stock in the vicinity of which small differences lead to permanent differences in the optimal path. 1 However, to what extent the existence and the behavior of the critical capital stock in such a framework depend on the parameters of the preferences and the discount factor have been overlooked. 2 This paper introduces preferences for wealth habit in an otherwise standard one-sector optimal growth model. Showing that the dynamics may encounter saddle-node bifurcations, it examines the monotonicity and the continuity of the critical capital stock with respect to the parameters of the preferences: the weight of wealth in utility and the degree of wealth habit. The degree of wealth habit serves as a self-assessed reservation or subsistence wealth level as the agent cannot handle a decrease in his wealth below this level (see Bakshi and Chen 1996) . Such a formulation with preferences for wealth habit instead of absolute wealth enables to capture not only that wealth is more valuable than its implied consumption rewards, but also that the degree of complementarity between the current and the next period's wealth gets stronger as the weight of wealth in utility increases.
The fact that the presence of wealth effects preserves the monotonicity of the optimal paths and may lead to threshold dynamics with multiple stationary states dates back to Kurz (1968) . The monotonicity of the optimal path stems from the fact that the utility as a function of capital stocks or the reduced form utility function has the positive cross partial derivatives (see Benhabib and Nishimura 1985) . Recall that this condition is also necessary for the existence of multiple steady states (see Benhabib, Majumdar, and Nishimura 1987) . Belonging to such classes of models with positive cross partials, we show that the minor differences not only in the weight of wealth in utility but also in the degree of wealth habit lead to permanent differences in the optimal path. Akao, Kamihigashi, and Nishimura (2011) shows that the critical capital stock of the Dechert and Nishimura (1983) model is a decreasing and continuous function of the discount factor so that a small change in the discount factor does not cause a sudden regime shift unless the economy is exactly at the critical capital stock. In this paper, we show the corresponding results in a standard optimal growth model augmented by wealth habit in utility.
The rest of the paper is organized as follows. Section 2 describes the model and provides the dynamic properties of optimal paths. Section 3 investigates the qualitative implications of the wealth habit on the long run dynamics and presents the monotone comparative statics and the continuity of the critical capital stock. The numerical analysis provided in this section complements the theoretical results. Finally, Section 4 concludes.
Model
The model differs from the classic one-sector optimal growth model by the assumptions on the preferences of the agents. Considering that wealth is more valuable than its implied consumption rewards, we assume that the utility depends not only on current consumption but also on wealth habit at each period. The model is formalized as follows:
where c t is the consumption and k t is the capital stock in period t. z t refers to the relative change of wealth with respect to the past level of wealth namely the wealth habit at that period. γk t serves as a self-assessed reservation or subsistence wealth level as the agent cannot handle a decrease in his wealth below this level. η + ∈R measures the relative weight of wealth habit in utility, γ∈(0, 1) measures the degree of wealth habit and β∈(0, 1) is the discount factor. We employ an additively separable one-period utility function between consumption and wealth habit not only for analytical convenience but also for being consistent with recent empirical findings. 3 We make the following assumptions.
R is continuous, twice continuously differentiable, and satisfies u(0) = 0. Moreover, it is strictly increasing, strictly concave and u′(0) = +∞.
Assumption 2 :
w + + → R R is continuously differentiable, strictly increasing, concave and satisfies w(0) = 0.
R is twice continuously differentiable, strictly increasing, strictly concave and satisfies
3 Compared to the multiplicative form, the separable form of the preferences is more consistent with the empirical findings on the behavior of the wealthy households since these preferences do not put any restrictions on either the substitutability or the complementarity between consumption and wealth habit [see Francis (2009) for details about the functional form of the utility function].
Assumption 3 implies the existence of a maximum sustainable capital stock Proof: It is standard. See e.g., Le Van and Dana (2003) .
Let V denote the value function, i.e.,
Under Assumptions 1-3, the value function V is non-negative, continuous, strictly increasing, strictly concave, differentiable and satisfies the Bellman equation (e.g., Duran and Le :
The optimal policy function :
We will now show that the Euler equation begins to hold after some finite period of time and that the optimal paths are globally monotonic.
Proposition 2 (i) Let k be the optimal path from k 0 > 0. Then, there exists an integer T such that γk t < k t+1 < f(k t ) for all t ≥ T and we have the Euler equation:
(ii) Let 0 0 k k > and k be the optimal path from 0 . k Then we have:
The proof follows from Duran and Le . See Appendix for the details.
The monotonicity of the optimal path stems from the fact that the utility as a function of capital stocks or the reduced form utility function has the positive cross partial derivatives (see Benhabib and Nishimura 1985) . Recall that this condition is also necessary for the existence of multiple steady states (see Benhabib, Majumdar, and Nishimura 1987) . The presence of wealth effects in utility has already been shown to lead to multiplicity of steady states (see e.g., Kurz 1968) . In such models where γ = 0 the emergence of multiplicities solely depend on the relative weight of absolute wealth in utility. However, in our model, the existence of multiple steady states depends on the interplay between the relative weight of wealth effect in utility and the degree of wealth habit.
Dynamic properties of the optimal paths
As a monotone real valued sequence will either diverge to infinity or converge to some real number, the fact that the optimal capital sequences are monotone proves to be crucial in analyzing the dynamic properties and the long-run behavior of our model. P Recall that in a concave problem the stationary solution of the Euler equation is optimal since the transversality condition is satisfied. Let the set of stationary solutions to the Euler equation (1) be defined as:
( 1 ) ( (1 ) 
It is clear that whenever
E will be a non-empty set.
We will now show that our model can support unique optimal steady state with global convergence and the multiplicity of optimal steady states with local convergence. Indeed, we will revisit the results that the presence of wealth effects in utility leads to the multiplicity of optimal steady states even under convex technology (see e.g., Kurz 1968) . However, our concern is to analyze how the critical capital stock behaves in response to the changes in the preference parameters and the discount factor which have been to a large extent left unexplored. Recall that the model reduces to the classic optimal growth model (η = 0) with (γ = 1−δ) or without (γ = 0) irreversible investment in which 1 (0) f β ′ > is a necessary condition of the existence of a positive steady state implying global convergence (see Duran and Le Van 2003) . However, the presence of wealth effects in utility leads to the multiplicity of the optimal steady states even under convex technology.
Proposition 4 Let ˆ,
k k E ∈ be two consecutive steady states. Then, they cannot both be stable.
Proof: Assume on the contrary that k and k are both stable. Without loss of generality, let ˆ< .
k This implies the existence of a critical capital stock,
.
is then either a genuine critical point at which the optimal policy has a jump or an unstable stationary capital stock which also belongs to the set E. However, the former violates the fact that the optimal policy is continuous and the latter is in contradiction with that k and k are two consecutive steady states. It can easily be seen from Proposition 3 and the continuity of the optimal policy that the economy can constitute only an odd number of hyperbolic steady states. For the sake of simplicity, consider now that there exist three hyperbolic optimal steady states, k l < k m < k h . Proposition 3 implies that k l is stable from the left and k h is stable from the right. These two results, together with the continuity of the optimal policy, naively suggest the existence of a critical capital stock and the emergence of the threshold dynamics. Moreover, the critical capital stock is equal to the unstable optimal steady state k m so that the optimal path from k 0 < k m converges to k l and the optimal path from k 0 > k m converges to k h .
However, there can also be an even number of solutions to the stationary Euler equation which would imply the existence of a non-hyperbolic steady state. Even in such a case, threshold dynamics will emerge. For the sake of simplicity, suppose that there are exactly two optimal steady states, x l and x h . This can occur only when the optimal policy has a tangency to 45° line either at x l or at x h in which case the critical capital stock will be either x l or x h , respectively. It is then clear that any small perturbation in one of the parameters would cause a qualitative change in the dynamic properties of the optimal policy leading to a saddle-node bifurcation.
Wealth habit and the long-run dynamics
In this section, we analyze the qualitative implications of the wealth habit on the long run dynamics of the model. In order to provide a better exposition of our analysis, we will specify the functional forms and show that our model actually encounters a saddle-node bifurcation: ( Suppose on the contrary that there exists k∈(k*, k**) such that Ψ′(k) < 0 so that (−ασ+θ)Ak
has to hold, contradicting with α < 1.
We now show that there can be at most three steady states.
Proposition 6 There can be at most three solutions to the stationary Euler equation.
Proof: To find the number of solutions to the stationary Euler equation, we prove that there can be at most two local extremum values of Ψ(k). Ψ′(k) = 0 implies that ( 1 ( 1)), This implies that Ψ(k) can have at most two local extremum values, one of which is local maximum and the other is local minimum. As Ψ(0) < Φ and ( )> , k Ψ Φ Ψ(k) and Φ can intersect at most three points. The following proposition shows that when there exists a non-hyperbolic steady state there can only be two steady states.
Proposition 7 Let k be an optimal path from k
If there exist a non-hyperbolic steady state then there can exactly be two steady states.
Proof:
The Jacobian matrix is given by: (1 ) ( (1 ) Let λ 1 and λ 2 denote the eigenvalues of J. Note that λ 1 +λ 2 = Ω+J 2 > 0 and 1 2 1 >0. λ λ β = At a non-hyperbolic steady state, we have 1 2 1 1 λ λ β + = + which reveals that Ψ′(k) = 0. To see that a non-hyperbolic steady state is a local extremum point of Ψ(k), note the following: If Ψ″(k) = 0 and Ψ′(k) = 0 as Ψ(0) < Φ and ( ) , k Ψ Φ > Ψ(k) and Φ intersect only once. But we know that if there exists a unique steady state, it is a hyperbolic one so that Ψ″(k)≠0. Moreover, as Ψ(k) and Φ intersect at a local extremum of Ψ(k), there can exactly be two steady states.
Monotone comparative statics and the continuity of critical capital stock
In this section, we analyze the effects of β, η and γ on the steady states and the critical capital stock. Note that the optimal policy is implicitly dependent on β, η and γ. Hence, in order to facilitate our discussion below, we first make this β−, η− and γ− dependence explicit in the notation by writing g(k, β, η, γ), k l (β, η, γ), k c (β, η, γ) and k h (β, η, γ). 
Proposition 8 (i) Let
0 0 1 . ( ) lim k f k β → = ′ The optimal policy, g(k, β, η, γ),  − − > <   − −   k s
is saddle path stable if and only if it is increasing (decreasing) in γ.
(iv) The optimal policy g(k, β, η, γ) is continuous in β, η and γ. + one can show that 1 2 1 1 λ λ β + < + which implies Ψ′(k) < 0 so that the hyperbolic steady state which is unstable is decreasing in η.
The proof is the same as of (ii).
(iv) See Le Van and Dana (2003) , pp. 34-35.
Note that the effect of an increase in γ on the marginal utility of the future capital stock, k t+1 has two components. The first component is positive since an increase in the subsistence wealth level, γk t , triggers the desire to increase the future capital stock:
The second component is negative since it will increase the effect of k t+1 on the next period's subsistence level, γk t+1 , and make it harder to obtain further utility from the change in k t+2 with respect to k t+1 :
As long as w is linear, the total effect of the degree of the wealth habit γ on the choice of the future capital stock becomes negative, hence the optimal policy is decreasing in γ. When w is strictly concave, the net effect of a change in γ on the behavior of the optimal policy is ambiguous. However, the behavior of the steady states in response to a change in γ can still be determined. Letting k t = k t+1 = k t+2 = k, the net change in the marginal utility of k t+1 with respect to γ turns out to be
utility of k t+1 at a stable steady state will increase with γ.
A similar analysis can be undertaken to see the effect of η on capital accumulation in the long-run. As we show in Proposition 8-(ii), the values of the stable steady states increase with η.
Corollary 1 Let
All of them are continuous in β∈[β 0 , 1), γ∈(0, 1) and η > 0.
Proof:
The proof follows from Proposition 8.
Akao, Kamihigashi, and Nishimura (2011) analyzes the monotonicity and the continuity of the critical capital stock in the discount factor in a Dechert and Nishimura (1983) framework. Dechert and Nishimura (1983) concentrates on the effects of non-convex technology on the long-run growth paths. In this paper, our focus is rather on the preference component and we analytically provide the monotone comparative statics and the continuity of the critical capital stock with respect to the discount factor, the relative weight of wealth habit in utility and the degree of wealth habit. The behavior of the critical capital stock with respect to these parameters is important in explaining the persistent differences in per capita capital stocks among countries since minor differences in the relative weight of wealth habit in utility and/or the degree of wealth habit lead to permanent differences in the optimal path.
In the next section, we provide a numerical example in order to illustrate the results presented above.
Numerical analysis
We will numerically illustrate an example showing how a small perturbation in η or γ changes the long run dynamics.
In particular, we demonstrate the emergence of a saddle-node bifurcation with respect to these parameters. We consider the following set of fairly standard parameterization:
Setting γ = 0.75, we have multiplicity of steady states when η is between 0.0327486 and 0.0329705 which are the critical values for the emergence of a saddle-node bifurcation (see Figure 1) . As long as η < 0.0327486, i.e., before the bifurcation occurs, there is only one steady state, k l , which is globally stable. As η increases, the steady state capital stock increases too. For η = 0.0327486, an additional steady state appears in addition to k l and the dynamics are now characterized by two steady states, k l < k m where k l is locally stable and k m is unstable in the sense that it is stable from right but unstable from left. The optimal policy is tangent to 45° line at k m and the corresponding eigenvalue at k m equals to unity indicating the possible emergence of a saddlenode bifurcation. When η slightly increases from its critical value 0.327486, the unstable steady state splits into one locally stable and one unstable steady state through a saddle-node bifurcation resulting in three steady states, k l (stable) < k m (unstable) < k h (stable). The coexistence of these three steady states is preserved until η = 0.0329705.
As the value of η gets closer to the critical value 0.0329705, the lowest stable steady state and the unstable steady state approach one another and at the critical value they merge into a non-hyperbolic steady state through the reverse saddle node bifurcation. Slightly above this critical value of the saddle-node bifurcation, the non-hyperbolic steady state ceases to exist leaving only the stable steady state k h which is now globally stable. Further increases in η only affects the value of the stable steady state.
In sum, two types of the saddle-node bifurcations emerge. The difference lies in the following: In the first one, the saddle-node bifurcation is realized for the pair of steady states k m and k h and in the second, it is for the pair of steady states k l and k m . Moreover, in the first one, as η increases, coalescence of the steady states into a non-hyperbolic steady state is observed and in the second, the qualitative change is in the form of creating a pair of stable and unstable steady states simultaneously from a non-hyperbolic steady state.
A similar analysis can be done for the variations in γ for a fixed value of η. The resulting bifurcation diagram is given in Figure 2 . Note the reverse effect of γ on the values of the steady states compared to the effect of η: An increase in γ decreases the level of the steady state while an increase in η increases it. Figure 3 plots the steady states against the values of both the relative weight of wealth in utility, η, and the degree of wealth habit, γ. Note that the critical values of η specifying the region of the multiplicity shifts to the right as γ increases. This implies that the economies even with the same η and k 0 can have different per capita capital stocks in the long-run depending on their degree of wealth habit.
Concluding remarks
In this paper, we analyze a model with multiple steady states in which utility depends on wealth habit rather than the absolute level of wealth in addition to consumption. We show that the dynamics may encounter saddle-node bifurcations with respect to the weight of wealth in utility and the degree of wealth habit so that minor differences in these parameters lead to permanent differences in the optimal path. We analytically provide the monotone comparative statics and the continuity of the critical capital stock with respect to the relative weight of wealth habit in utility, the degree of wealth habit and the discount factor. γk t < (1+ε)k t+1 ≤ f(k t ), ∀t ≥ T′. 
Proof of Proposition 2
i) Assume that k 0 > 0 and that k is optimal from k 0 . Proposition 1-(ii) establishes k t+1 < f(k t ) for all t. Lemma 2 ensures that there is some T with γk t < k t+1 for all t ≥ T. This implies that constraints are not binding from time T onwards, and hence the Euler equation begins to hold after T. ii) Given 0 0 1 1 > , k k k k ≥ ′ ′ follows from Benhabib and Nishimura (1985) . If 1 1 = , k k ′ then *= * t t k k ′ for t ≥ 1 as there is a unique optimal path associated to k 1 . By using this argument for t > 1, we can conclude that ,
Proof of Proposition 3
Let k be an optimal path from k 0 > 0. 
where the first inequality follows from Lemma 3 and the second from the existence of some T′ ≥ T with βf ′(k t ) ≥ 1 for all t ≥ T′. This implies that c t < c t+1 for all t ≥ T′. Since c t →0 as k t →0 we have a contradiction. Assume now that k diverges to +∞. This violates the existence of a maximum sustainable capital stock.
